nm and high surface coverage [20, 21, 22] . Although the origin of these bubbles remains unclear, they have been often invoked as a possible origin of the so-called hydrophobic attraction [23, 24, 25, 27, 26, 28, 29, 30, 31] and their existence points to a possible picture for such large slip, as pointed out by de Gennes [32] .
It is well known that there is slip at a solid-gas interface, and therefore it is natural to wonder whether the existence of such a gas layer at the solid surface is sufficient to explain the experiments. When a fluid of viscosity η 1 adjoins a layer of fluid of thickness h with smaller viscosity η 2 , the discontinuous strain rate at the fluid-fluid interface results in an apparent slip with λ = h (η 1 /η 2 − 1) [33] . Choosing η 1 /η 2 = 50 appropriate for a gas-water interface, leads to slip lengths as large as 500 nm. This estimate is however independent of the interfacial shear and therefore unable to explain the shear dependence of the slip lengths reported in experiments.
In this Letter, we will examine the dynamic response of the nanobubbles, which we will assume to exist on hydrophobic surfaces, to an imposed oscillatory shear. In an oscillatory squeeze flow experiment [8] , we argue that the pressure fluctuations in the fluid cause the nanobubbles to act as a "leaking mattress", with both compression and dilation of the gas in the bubble, as well as diffusion of gas into (and out of) the bubble. Both of these effects decrease the force required to move the plates, and hence create an apparent slip. Our calculations indicate that the magnitude and shear dependence of this slip is consistent with the observations of Zhu & Granick. We find quantitative agreement with two fitting parameters, the area fraction and average radius of the nanobubbles.
A typical oscillatory squeeze flow experiment (with notation defined) is shown in Figure 1 . The peak lubrication force opposing the motion of the oscillating sphere is given by
Any deviation f * < 1 is interpreted as fluid slip [8] . If however we assume that a no slip solid surface is covered with nanobubbles, the vertical viscous force is given by
where V S is the sphere velocity V S = dω cos(ωt) and h an average bubble thickness on the surface shear-dependent. Equation (2) thereby leads to an effective f * < 1:
We present in what follows a model leading to the values of (k 1 , k 2 ), and then compare to the Zhu & Granick experiments.
Setup and Nanobubble Stability
We need to study the response of nanobubbles to an oscillating pressure in the fluid. We suppose that a number density n of identical gas nanobubbles cover the bottom surface (in Figure 1) , undeformed by viscous stresses 2 , and take h to be the average bubble thickness.
To perform the calculation, it is necessary to have a model for nanobubbles that is stable against dissolution.
Diffusive equilibrium requires that the concentration of gas at the bubble surface equals the concentration c ∞ of gas dissolved in the liquid. Henry's law then implies that p eq = p 0 c ∞ /c 0 , where p eq (p 0 ) is the equilibrium pressure in the bubble (liquid), and c 0 is the dissolved (saturated) gas concentration. The difficulty with nanobubble stability is that according to the ordinary Laplace law, p eq − p 0 = 2γ/R 0 , where γ is the liquid-gas surface tension and R 0 the radius of curvature of the bubble. Thus force equilibrium is inconsistent with diffusive stability [34] ! The only possible explanation for experimental reports of stable nanobubbles existence is that the Laplace law is violated on these lengths scales. This is very natural, since surface tension arises from van der Waals forces, and in particular the influence of the solid surface has a range ∼ 10 nm; one would expect that van der Waals interactions between the bubble surface and the solid are therefore important.
We therefore propose the following model for nanobubble stability: we modify the Laplace law by
Here f θ is a phenomenological function taking into account the forces that stabilize the bubble (θ is the liquid-solid contact angle). The only constraint on f θ is that R 0 f θ (R 0 ) → 0 as R 0 → ∞, so the Laplace law is recovered in the macroscopic limit. For appropriate choice of f θ , equation (4) [35, 36, 37] , but due here to the influence of the solid 1 Equation (2) is valid assuming no-slip on the surface at z = h(t); as was shown in [3, 2] , even if the boundary condition on a bubble surface is that of no tangential stress, a continuous distribution of bubbles on a solid surface effectively produces no-slip because of the curvature of their interface, which justifies the assumption.
2 This is equivalent as requiring a bubble Capillary number much smaller than unity; since the viscous stresses in the liquid increase with sphere radius a and fluid viscosity η, this limits therefore the range of η and a considered by the model.
surface and therefore much longer ranged. We emphasize however that a microscopic model might well lead to a more general f θ , depending explicitly for example on the height of the bubbles, which shape as a result will not be spherical. Given the current knowledge of nanobubbles, we will consider however in this paper a simplified description and we will assume for simplicity that f θ is only a function of the bubble radius. By doing so, we assume that the nanobubble shape is spherical. If V = V (θ)R 3 is the volume of a single bubble, then the average thickness of the gas layer is h(t) = nV (θ)R(t) 3 . For spherical bubbles, we have V (θ) = π(1 − cos θ) 2 (2 + cos θ)/3.
Gas compression
Now we study the response of the bubbles to an external force F between the plates; this changes the liquid pressure from p 0 to p, and the pressure in the bubbles from p eq to p b . Here, S is the typical value of the sphere surface on which the viscous force acts S = πL 2 and L the radial geometrical length scale L = (aD) 1/2 . At the small frequencies typical of squeeze flow experiments (1-10 2 Hz), the gas is isothermal, so the pressure in the bubble changes via the ideal gas law p b R 3 = p eq R 3 0 . For small oscillations, the radius change is therefore R − R 0 = R 0 (p eq − p b )/3p eq . In order for this radius change to be related to the applied force F we need to relate the change in bubble pressure to that in the liquid. Combining a perturbation of (4) around equilibrium with Henry's law and the ideal gas law leads to the relation between the dimensionless increases in pressure in both the bubble and the bulk
where
It is easily verified that β is always positive, so that a pressure change in the bubble is positively correlated with that in the bulk.
The viscous force on the sphere can now be directly related to the change in radius. Combining F ≈ (p − p 0 )S with the ideal gas law and (5), we obtain R ≈ R 0 (1 − βF/p 0 S); hence using h = nV (θ)R 3 , the rate of change of the mean bubble height h is given by dh dt
where h 0 is the average height of the unforced bubble. We thus have that the rate of change of the mean bubble height is the sum of the rate of change of the mean equilibrium bubble height h 0 , governed by gas diffusion, plus the second contribution due to the gas compressibility.
Gas diffusion
We now consider the rate of gas diffusion from the bubble. In our model for the oscillatory squeeze flow experiments (5) we get that N is proportional to the viscous force
Since by definition, the instantaneous number of gas molecules per unit area is equal to c ∞ ρ 0 h 0 /c 0 , the rate of change
where dh 0r /dt is the rate of change in the mean bubble height governed by gas diffusion in the (slowly varying) radial direction of the apparatus; let us now evaluate this contribution.
In contrast to the vertical case, the radial oscillatory Peclet number, P e r = L 2 ω/κ = aDω/κ, is of order unity or larger, so that radial diffusion has to be accounted for explicitly. Assuming the dissolved gas is in vertical diffusive equilibrium, the equation for the time evolution of the mass of a gas bubble dm/dt is given by a flux integral on the
where assuming a spherical bubble implies I(θ) = π(2(π − θ) + sin 2θ)/2. Further, the radial concentration gradient can be approximated by a simple linear law ∂c/∂r
is the typical (shear dependent) radial gradient length scale 3 . When evaluating the bubble mass at the equilibrium pressure p eq , (10) together with Henry's law leads to a linear relation between the rate of change of h 0r and the viscous force
4 Final formula for f * With (7), (9) and (11), we obtain the final formula for f * as (3), where (k 1 , k 2 ) are given by
In all cases, f * < 1 and depends on both the gap thickness and the ocillation frequency.
Comparison with experiments
A comparison of the model with the experimental results of Zhu & Granick [8] is given in Figure 2 in the case of deionized water. We assume that the liquid was saturated with O 2 at 25
• C and 1 atm (ρ 0 = 1.28 kg/m 3 , c 0 = 8.3 10
kg/m 3 , κ = 2 10 −9 m 2 /s) and we take f θ to be a power law with α = 2; moreover, because both surfaces used in [8] are hydrophobic, the values of k 1 and k 2 in (12) have to be multiplied by 2 in order to account for the rate of change of the bubble sizes on both surfaces. The small amplitude experimental data are found to be well predicted by the model (3) with a coverage of the surface with bubbles of 90%, similar to the high percentage observed in [21, 22] , and a bubble radius of R 0 = 55 nm, in good agreement with the bubble sizes R 0 ∼ 100 nm obtained by AFM measurements in [21, 22] . In all cases, the contribution to the decrease in f * due to vertical diffusion is negligible;
when ω = 10Hz, most (approximately 80%) of the decrease in f * is due to compression; when ω = 1Hz, compression and radial diffusion are comparable
Discussion
We have shown that the time-dynamics of nanobubbles always leads to a decrease in the measured viscous force by a "leaking mattress" effect: as the solid sphere oscillates, periodic bubble compression and diffusion reduces the amount of liquid necessary to be squeezed out of the gap and thereby the viscous force. We emphasize that this mechanism is of dynamic origin, and is not a consequence of the microscopic slip at the bubble surfaces; in particular, we argue that this is why shear-dependent slip length have not been reported by investigations of slip in pressuredriven flow experiments [39, 40, 41, 10, 11, 18] , where no oscillatory pressure is present to trigger an effect similar to the one presented here. Our linear model is based on two unknown parameters: the deviation from the Laplace law f θ due to intermolecular forces, and the surface coverage of the bubbles, which might not be a surface property but could depend on the experimental procedure used to prepare the surfaces [20, 21, 22] . Additional contributions to (k 1 , k 2 ) could come from bridging bubbles (which, even though they are not considered in the present model, are not ruled out by the measurements reported in [8] which report peak forces only)), large amplitude oscillations and displacement of the bubbles on the solid surface. We note finally that the apparent slip we obtain increases with the fluid viscosity, in agreement with experiments [7, 10] ; it also increases with the size of the sphere a, which might account for the large slip lengths reported in [8] (cm-size spheres) as opposed to other squeeze flow experiments (usually µm-size spheres). The apparent slip length is therefore not only a solid/liquid property but depends on the system size [18] . Finally, we note that increasing surface roughness will destroy the leaking mattress effect: once the scale of the roughness is of order that of the bubbles, the dynamics described here no longer applies.
